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If/ denote the total order of intersection of the sheet or sheets of S with 
the two sheets of 2 all along the double line of the latter surface, /i denote the 
component of that total order arising in the first sheet and f likewise the com- 
ponent of that total order found in the second sheet, y^ (s = 1 or 2) denote that 
component of/ due to simple or multiple intersection alone (with regard to the 
sheet indicated by s , or both sheets, if s is not written), regardless of contact of 
sheets, and/' likewise the component due to such contact between sheets of S 
and 2, while g^ and g^ in like manner denote the total orders, in the residual 
intersection, of the generators brought in by a^ in the first and the second sheets 
of 2 respectively, then will 

/ = /i +/. =/( +A +/i" +/^' =/'+/' and A =fi, 

while, in general, 

/=4(i> + 'r)-?+3, / = i(^ + T)-^ + l, /2=0i+2, g^ = t-Br, 

and g^ = Ox (which last, g^ , is included in /g and will henceforth be omitted save 
as it appears there). The general case may, then, be written thus : 

mi = \{p + t) + l, / = i(2) + T)-^ + l, /2 = ei + 2, f/i = <r-0i, 

where at=-^^.a^,p + r> 2q and even, and QiS\ {p + '^) — 9. — 1 • -^ii<^ ^^re 
will 

/( = /. = !, /l' = 0, fi<=l, 

if ^ + -r = 25 ; while 

\ip + <r > 2g'. 

The cases where S is the surface of lowest order which can be passed through 
the given curve on 2, can now be solved readily. 

If ^=iF{7^, ^jfi, fiVfH^ — 2jv), the case is that of complete intersection 
already considered, pages 185 and 186, and may be expressed thus: 

r. ^ = F{?.^^i^,[iv,{i' — ^v), i>=2^, m' = ip, f=gi=:0, o=l. 

If 4>^ F(2?, ?.{i, ^v, (i^ — ^v) and p>2q and even, the results above show 
that t can be given the value zero, leading to the general case 

I. 4) ± F(X^, %ii, fiv, fi^ — ^v), p>2q,p even, m' = ^p -\-l, 

/i = ip — q-\-l, A=2, ^1 = 0, a = X', 
27 
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while 

/l=A=i, A' = 0, A'=l,ifp=2q, 
but /,=/,= 2, fi = ^p-q — l, fi = 0,ifp>2q. 

If ^ > 2q and odd, an important special case arises when 

^^'k.Fi (a^ 7^,11, nv, y? — V^v) + n. F^ {7.^, X/x, fiv,}/ — :iv) ; 

for multiplication by /I allows the substitution to be entirely performed at once, 
giving S= X . Fi {x, y, z, s) + y . Fz{x, y, z, s) = 0, where wj' = i (p + 1) and 
S contains the line x, y once, so that this line occurs twice in the residual inter- 
section of the two surfaces. In order that ^ may not be reducible by the factor 
/^,, it is necessary that some term in F^ contain v to the degree i (jp — 1) ; hence, 
this case can arise only when q =^ ^ (p — 1), and may be described as 

II'. ^^WF. + iiF,, p=2q + l, m' = ^{p + l), 

/i =/»=!, 9i=0, o = a and /{' = ^'=0. 

Geometrically, this case includes only those curves which have q pairs of branches 
along the double line of 2 ; i. e., at each of the q points where the curve ^ meets 
the double line in the second sheet, a branch of the curve meets that line at the 
same point in the first sheet ; but, since p — q =: q -\- 1, there is one more 
branch in the first sheet in the neighborhood of the double line than there 
are branches in the second sheet in the same neighborhood, and, consequently, 
the introduction of the double line in the second sheet completes the intersec- 
tion by forming a pair of branches with the single or superfluous branch in the 
first sheet. This case forms the nearest analogy, when p is odd, to the case of 
complete intersection, where p is even. 

When 4) = 0, with p'>2q and odd, does not have the special form just con- 
sidered, it is evident that the surface S of lowest order is obtained by giving to 
t the value unity, leading to the case 

II. ^^?,Fi + (iF^, p>2q,podd, m' = h{p + 3), A = i{p+S) — q, 
/, = $, + 2, g,= l-6^, (o = :^\au 
and /i=fi = l, fi' = 0, f,'=l,ifp + l=2q, 

but f,=/i = e,+ 2, /i'=i{p-l)-q — e„ A' = 0,ifp+1^2q. 

If^<C 2q, t must have a value greater than zero in the general case, since 
the condition p + t>2q must be satisfied. The surface S will be of the lowest 
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possible order when t is given its lowest possible value t = 2q — p, leading to 
the case 

III. p<2q, m'=q+l, /i=l, /3=2, gi = 2q—p, a = :^^o„ 

and Bi=-0, since the condition Oj < J (^ + -r) — q — 1 here becomes impossible 
of satisfaction by any positive integer. But special cases, in which a surface S 
of order lower than q -\- 1 can be passed through the curve ^, may occur here. 
If ^ = a . JF*! (2?, Xfi, (iv, i^^ — 2,v) -\-v. F2 (Jl^ V' 1"^' l^^ — ^v), multiplication by 
(I allows the equation of S to be obtained at once in the form S=t/.Fi {x, y, z, s) 
+ zF^ (x, y, z, s) = 0, where m' = i {p + 1) and the generator |M = is known 
to belong to the residual intersection. In order that the equation as given may 
not be reducible by A , it is necessary that some term of F^ involve the variable 
V to the degree h {p — 1); consequently, the given curve must here have 
g' = J(p-fl). Therefore, wi' = i (2)+l) = g'; and, since |(j3 4-l) — l=l(i>+^) 
= p + i (p -\- 1) = p -\- q = m', the single generator /« = constitutes the entire 
residual intersection. This case may be classified thus : 

IIP. ^ = %F^-\-vFz, p = 2q — l, m' = q, /i=/2 = 0, ^=1, a=fi, 

if 5'i refer to the particular generator (i = 0. Geometrically, this case includes 
only those curves which have q — 1 pairs of branches along the double line of X 
and an extra branch in the second sheet which meets the double line at the 
point fiz=: 0; hence, any curve ^, which has pairs of branches without super- 
fluous branches wherever it meets the double line, save that at one point of the 
double line occurs a superfluous or single branch lying in the second sheet in that 
neighborhood, can be cut from 2 by a surface S of order q, which surface is 
found by the method given, after first making such a change of coordinates, if 
necessary, as shall bring the equation of the generator at the point in question 
into the form /* = 0. Clearly, this point cannot lie at the pinch-point. 
Still another special case can occur here. If ^ be written in the form 

^ = Vp + %. r,_, + ?.KV,_,+ .... -fr.Fp_.-f .... +r-KV^ + yi''.Vo = o, 

it has been already seen that 7p = ^''~^. Tj, where V^=0 gives the points where 
the curve ^ meets the double line in the second sheet of 2. Hence, the equa- 
tion Tg = 0, where F^ denotes what F^ becomes when (i and v have been 
replaced by X and — fi respectively therein, gives the q generators meeting the 
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double line in the first sheet in the points where the {p, q) meets that line in the 

second sheet. Here will Vg.Vq = F{^^ , ^v, ^^ — ^r) , so that « = ;i''~ *. F^ gives, 
by the usual method of substitution, a. Vp = y''~^.F(y, s, s); if pyq+ 1, the 
required substitution can be performed throughout every other group of terms of 
the equation a^=:0 and the equation of the surface Si8 at once obtained. In this 
case m' = p, and the residual intersection is entirely made up of the double line 
of 2 occurring p — q times in the first sheet and p — q + Oi times in the second 
sheet of 2, together with the q — di generators in the first sheet of S introduced 

by Fj = ; here 6{ denotes the number of times A, occurs as a factor in all the 

terms of V^^O, and is, geometrically, the order of multiplicity on the curve <p 
of the pinch-point regarded as lying in the second sheet. But the substitu- 
tion can readily be performed by the usual method in the general case if 

6) = ;i^F,_9j, when p -\- q — $[ is even, or if a = Jl^ (a^l -f 5,m) . Fg_fl. , when 
p -{- q — 0^ is odd, provided in both cases that B[Sp — ? > here 

m' = i{p + q — ei) + 1 md i{p + q — ei-\-l) + 1 

respectively; that these values be lower than those given in the general case 
for m', it is necessary that either Oj > g or 6[ >-jp — q, neither of which condi- 
tions is possible of fulfillment. However, if^==5', a surface S of lower order 
than that given in the general case III. is found, provided that either T^_i = 

or that 7i,Vj,_iVj, = F (X^, ^(i, fiv, [i^ — Xv) ; for multiplying by w = Fp in such 
case makes the substitution possible in every group of terms and gives the 
resulting surface S, characterized by m'=p, /^=.f^z=zO, gi=p, g^ = 0; 
that Oi = 0, and that, accordingly, the double line cannot occur in the residual 
intersection is clear, since the condition that p = q demands that v* (= t^) occur 
in some term of ^ = 0, and such a term can be found only in the first group 
Vp of that equation; this means that no curve {p,q), where pz=.q, can 
pass through the pinch-point of S, for the presence of a term containing v'^ 
in the equation of the curve forbids that the curve pass through the pinch- 
point in the second sheet, and the fact that p — g = shows that the 
curve has no points at all on the double line in the first sheet. Geometrically, the 

multiplication of 4) = by F^ introduces into the locus o^) = the generator at 
every point in the first sheet where the curve ^ = meets that line in the 
second sheet ; consequently, the complete intersection of S and 2 has a pair of 
of branches on the double line wherever that line is met by the curve ^ = in 
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the second sheet;, and, \i p=.q, that intersection meets the double line only 
in the q points, each one of which is a point of multiplicity 2p (p being a positive 
integer) on the complete intersection in question. The vanishing of T^_i means 
that the conic, whose equation is obtained by equating any one of the p factors 
ail -\- hv of Fj, to zero, meets the curve ^ in two consecutive points on the double 
line of 2; or, in other words, the curve ^ has in this case the direction of the 
conic a([f -}- Z>r = at every point /I = 0, iijv = — h/a, where the curve meets 
the double line. Since h can never take the value zero here, this condition 
demands that the curve shall not have the direction of the double line at any 
point where it meets that line. The alternative condition for T^_i, viz., that 

^. T^-i- Vj,= F('?i?, ^jx, (IV, (i^ — Xv), since l^_i does not involve ;i, and since 

Vj, does not contain /I as a factor, requires T^_i to contain p — 1 of the p factors 
which make up V^. Therefore, at p — 1 of the p points where the curve ^ 
meets the double line in the second sheet must it be tangent to a conic whose 
equation is of the form a^w + Jv = , where h =f: ; and it is not difficult to see 
that the tangent at the remaining point cannot be the double line itself. There- 
fore, in this case also, the curve <p cannot have the direction of the double line at 
any of the points where it meets that line. This very special case may be char- 
acterized thus : 

III". ^=V, + X.V,_, + ^\ Fp_2, ^ . 7p_i . % F= {2?, 7,(1 , ^7^ (i' - ^v), 

p = q, m' =p, f=f^ = 0, gi=p,a = V^, 

where gi refers to the particular generators in the first shefet given by the equa- 
tion ^ z= .* 

Collecting the results thus far obtained for the order of the surface S and 
the nature and composition of the residual intersection — 

I). When S is a proper surface of any order whatever not less than i p -{- 1 , 
cutting the curve {p, q) from X, 

m'=i{p + 'r) + l, f,= i{p-\-t)~q + l, /^ = 0^ + 2, ^, = t — Oj. 
2). When S is the surface, or one of the surfaces, of the lowest possible order 
cutting the curve (p, q) from X , 

*The case where ^ = ii'i(^^, 2.ii,uv,/j^ — ?.v) -\-l^,Wj,^2^=0, since ^ cannot be a factor of all the 
terms, can be written (l> = Fi (ftv, fi^ — Xv)-\-?i.^. TF,_a=-0, and presents no new result. For, in order 
that the required substitution be at once possible, the last group of terms must have q<ip — 1, or else 
the case must reduce itself to that of complete intersection ; but the first group demands that q=.ip; 
consequently, this case offers nothing new. 
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I- !> ^ 29-, p even, »j' = ip + l, /i = Jp — ^ + 1, /2=2, 

gfj = , from a> = %^; 
II. p>2q,p odd, m'=zh{p + Z), /i = J (i) + 3) — ^, /g = 2 + e>i, 

gfi = 1 — 01, from 6) = yl^ di', 
III. i? < 2^, m' = 5- + 1, /i = 1, /a = 2, grj = 29- — ^, from o = 7?.a.2^^p; 

unless a surface S of still lower order can be found from the occurrence of one of 
the following special cases : 

I', p—^, ^=:F{X^,?^iz, (IV, 1/ — Tlv), m' = ip, /= g=0, o = l. 
II'. p=2q+l, ^ = X.Fi{%%yL(i,[iv, fl' — Xv) + fi.Fz{id.), 

m' = h{p + 1), /i=/3= 1, gi=0, 7i = 0. fromo = a. 
III'. p=2q—l, ^ = :i.Fi{%\ fiv, {/ — ?^v) + V .Fz (id.), m' = q, 

/i=/2 = 0. 9^1= 0, ir= l.frorao = iM. 

III". p=j, ^=v^ + x. F^_i + ^\ w;_3, 

^. F^_i.X=i^(aS V, {iv, (i^—^v), m' = p, /i=/2 = 0,"^i= p, from 0=?^- 

g'l here refers to generators which may be chosen, in general, at will, and 
can be wholly or in part taken over into /g as g^ ; while gi refers to generators 
which are determined by the given curve and can none of them be transferred 
to /a or otherwise changed in any way without raising the order of S. This dis- 
tinction between gi and g^ will be heeded in the farther use of the terms. 

Under 1) are included cases I., II., and III., but not the special cases I.', II.', 
III.', and III.". 

It is easy to find, in any of the above cases, the relation, as regards contact, 
of the surfaces S and 2 along the double line in either sheet of the latter. Thus 
it is clear that three cases arise, viz. : 

a). If/i =/„ then/i=/i =A=A, and /' =/^' = 0. 
b)- If/i >A> then/i =A=A, /{" =/i -f„ and /^' = 0. 
c). If/i </2, then/i =/^ =/i, f^ =A -A, and /{' = 0. 

The only curves on 2 which do not meet the generators at all and, conse- 
quently, are of the species {p, 0) are the generators themselves. Since these are 
not proper curves for any value of p greater than unity, all curves (p, q), having 
5 = and i> > 1 , will be omitted in the subsequent treatment of the curves 

on 2. 

The following Table 1 gives, in accordance with the preceding considerations, 
the possible cases of surfaces S of the lowest possible orders for curves of orders 
1-12 on 2. It will be noticed that each general case, where p = 2q, may be 
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Since it is only in the cases I'., III'., and III", that a surface S is found which 
does not have the double line of 2 for a part of its intersection with that surface, 
it is clear that only in those three cases are restricted systems of equations for 
the curves in question given by the methods here followed. In the case 1'., the 
intersection is complete ; consequently, S ■=■ and 2 = form the simplest pos- 
sible restricted system of equations for the representation of the curve. In the 
case of a curve coming under III'., a restricted system is formed by yiS'i = 0, 
^3 = and 2 = 0, where Si is the surface defined by III', and S^ is any one of 
those defined by the general case with the value J (p + 1) inserted for q and the 
condition imposed that g^ shall not contain the generator given by |Ct =: ; thus 
the surface S^ will be characterized by having 

^' =Pi fi=A = ^, and 7i = 1 ; 
while S2 will have 

m' = i(p + <r) + l, and/i=i(<r+ 1), /a = 0i + 2, g, = r — 6^ &nA 6^= 0. 

In the simplest case, where t =^2q — p and ^^ = , the surface S^ is defined like 
the S of Case III. If the curve fall under Case III"., a restricted system is given 
by yS*! = , /^2 =: and 2 = 0, where Sx is defined by Case III", and S^ is any 
one of those defined by the general case by putting j> = g' therein and insuring, 
by choice of «^, that g^ contain none of the generators given by F^ = and rep- 
resented by gi in III". ; thus /^i-will have 

m'=p, /j=/2 = 0, 'gi=p; 

and Si will be characterized by 

m'-h{p-\-t) + l, A=^{t—p) + l, /a = e] + 2, grj = ir-0i, 
which, for the lowest value, p, that t can take, gives an S^ having 
m/=p + l, /i= 1, /2=2, 01 = t. 



It is now possible to determine how many species of proper curves (p, q) 
may result from the intersection of surfaces S of any given order m' with 2, 
when it is required that She a surface of the lowest possible order thus contain- 
ing the curve, and hence having its residual intersection made up entirely of the 
double line and generators of 2 . If the intersection be of such nature as to 
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give any one of the eight cases, 

!)• /i=A = 9i = gi = 0; 

2). fi=f^ = gi = 0, gi=l,yvhenm'>2; 

3). /i=/z = 9i = 0, '^=m'; 

4). /i=/2 = l, 9i = 9i = ()l_ 

5)- /i = l./3=2, 9i = P> S'i = 0, where 2<p<wi'— 1; 

6)- /i = p, /2= 2, S'i=7i = 0, where l<p<wi' — l; 

7)- /i = p, /a = 2, gfi = 1^ gTi = 0, where 1 < p < m' — 1 ; 

8)- /i = p. /2 = 3, grj = gfj = 0, where 3 < p < m' — 1 ; 

and if the residual of the intersection is a proper curve, then is S, in general, a 
surface of the lowest possible order that can be passed through the residual curve, 
2 being excepted when m'>4. The lower limit of the order of the curves 
(p, q) here occurring is evidently w = 2 (m' — 1), and the species of the curve is 
given by the following formulas, which are arranged and numbered to agree 
with the cases of page 206 : 

I- /i = p, /2 = 2, grj = ^=0, _p= 2(m' — 1), q=m'—p, 

l<p<m' — 1, p> 2q, and even ; from 6) above. 
II- /i = p. /2 = 2, gi = l, g^=0, p= 2m' — 8, q — m' — p, 

2<p<wi' — 1, p>2q and odd, ^^ = ; from 7) above. 
/i = p. /2 = 3, gi='gi = 0, p=2m' — 3, q=m' — p, 

S<p<m' — 1, p>2q and odd, ^i = 1 ; from 8) above. 
III. /,-l,/, = 2, g,=zp,J,=:0,p=2{m' — l) — p, 

q=.m' — 1, l<p<m' — 1, p<2q; from 5) above. 
I', /i = /a = gTj ='^= , J? = 2m', q=:m', p— ^q ; from 1) above. 
IF. /i=l, /2 = 1, gri = ^=0, p=2m'-l, q-m'-\, 

p'=-2q-\-\; from 4) above. 
Iir. f^=f^ — 0, ^1 = 0, ^=1, p='2m'—\,q=m', p=2q—l; 

from 2) above. 
III". /i=/3 = 0, 5^1 = 0, 9i^=m', p=zm!, q:=m', p = q; from 3) above. 

Oases III', and III", become identical when m' = 1, but for no other values of m' 
will any repetitions occur from these formulas. 

The determination of the number of distinct species of curves, as well as 
28 
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the number of their different orders, which can be cut from 2 by surfaces of any 
order m' under the given conditions, can now be made. Arranged according to 
the above cases, the number of distinct species of curve for any value of m! 
comes out thus : 

I. j)=:2»n' — 2, q'=-m' — 1, m! — 2, ...., 1, making m' — 1 species. 

II. ^ = 2m/ — 3, q-=-<rri — 2, m' — 3, . . . . , 1, making vn! — 2 species. 

III. 2>=2m' — 3, 2w' — 4, ,»j' — 1, g = m' — 1, 

making m! — 1 species. 

I', -p = 2m', q=i m', a single species. 

II'. p = 2m' — 1, q-=. vn! — l,a single species. 

Ill', p = 2m' — 1 , g' = m', a single species. 

Ill", p = m', 3' = m', a single species. 

Consequently, all together, curves {p, q) of 

m' — 1 + m' — 2 + m' — 1 + 4 = 3m' 

distinct species are found. Of different orders, all from 2m' — 2 to 3m' occur, 
making a total of m' + 3 , so long as m' > 2 ; when m' = 1 , this result must be 
diminished by unity, since no curve of the lowest order, 2m' — 2, then exists. 
Hence, the following 

Theorem : Surfcices S of any given order m' > 2, can cut from 2 curves {p, q) 
of 3m' distinct species and of m' + 3 different orders, where S is a surface of the 
lowest possible order containing the curve (except 2, if m' >4) and, therefore, has its 
residtial intersection with 2 made up entirely of generators of the latter surface. 

If the curve {p, q) have q=l, a plane through the double line of 2 will 
contain only one point of the curve not lying on that line. Such a curve is uni- 
cursal ; the surfaces S, of order m' > 2, can then, under the given conditions, cut 
from 2 two unicursal curves for each value of m' ; these two curves will be of 
the species (2m' — 2, 1) and (2w' — 3, 1) and of the orders 2m' — 1 and 2m' — 2 
respectively. When m' = 1 , the unicursal curves found in the same way are of 
the species (1, 0) and (1, 1) and of the orders 1 and 2 respectively 

Results for the lower values of m', in accordance with the formulas stated, 
are given in Table 2. In this table, as in some of the preceding formulas, curves 
(p, q) , where p := 2q, which might be given under both Case I. and Case III., are 
inserted as occurring only in Case I. 
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/i' n' 9i 9x h 



2 10 



Species -; 

m' Case of to L} f' *" 

Curve •'2 

1 r. (2, 1) 3 
II'. (1,0) 110 

2 I. (2, 1) 3 1 1 
III. (1, 1) 2 10 110 

I'. (4, 2) 6 

IF. (3, 1) 4 10 

Iir (3,2) 5 10 

III". (2, 2) 4 2 

3 I. (4, 2) 6 10 10 

(4, 1) 5 2 

II. (3, 1) 4 2 10 

III. (3, 2) 5 10 110 

(2, 2) 4 10 12 

I'. (6, 3) 9 

II'. (5,2) 7 10 

III'. (5,3) 8 10 

III". (3,3) 6 3 

4 I. (6, 3) 9 10 10 

(6, 2) 8 2 

(6, 1) 7 2 10 

II. (5, 2) 7 2 10 

(5, 1) 6 2 10 10 

3 1 

III. (5,3) 8 10 110 

(4,3) 7 10 12 

(3,3) 6 10 13 

I'. (8,4) 12 

II'. (7, 3) 10 1 

III'. (7, 4) 11 1 

III". (4,4) 8 4 

5 I. (8,4) 12 1 1 

(8, 3) 11 2 

(8, 2) 10 2 1 

(8, 1) 9 2 2 



TABLE 3. 



to' Case 



Species ft _ 

of m i) fi' tV Qx Qi «i 

Curve ' 2 

II. (7, 3) 10 2 1 

(7.2) 9 2 10 10 

3 1 

(7, 1) 8 2 2 10 

3 10 1 

III. (7, 4) 11 1 1 1 

(6, 4) 10 1 1 2 

(5.4) 9 10 13 
(4, 4) 8 10 14 

r. (10, 5) 15 

II'. (9, 4) 13 1 

III'. (9, 5) 14 1 

III". (5, 5) 10 5 

6 I. (10,5) 15 1 1 

(10,4) 14 2 

(10,3) 13 2 1 

(10,2) 12 2 2 

(10, 1) 11 2 3 

II. (9, 4) 13 2 1 

(9.3) 12 2 1 1 

3 1 

(9, 2) 11 2 2 1 

3 10 1 

(9, 1) 10 2 3 1 

3 2 1 

III. (9, 5) 14 1 1 1 

(8. 5) 13 1 1 2 
(7, 5) 12 1 1 3 
(6,5) 11 1 1 4 
(5, 5) 10 1 1 5 

I'. (12, 6) 18 

II'. (11, 5) 16 1 

III'. (11, 6) 17 1 

III". (6, 6) 12 6 

7 I. (12, 6) 18 1 1 
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V. — Singularities of the Curves (p, q) on X in Terms of p and q. 

It is now possible to find the singularities of any given curve on 2 by mak- 
ing use of the knowledge of the nature of the residual intersection of S with the 
surface S, as that surface has been defined in the preceding pages. 

Let the characteristics of the developable surface, having the curve in ques- 
tion for its edge of regression, and of the cone standing upon that curve be 
denoted, in accordance with the usage of Cayley and Salmon,* by the letters 
m, n, r, a, ^, x, y, g, h and II. 

As already seen, m =p -i- q. It is, in general, possible that the curve of 
intersection of S and 2 shall contain no cusps arising from the occurrence of 
stationary contact between these two surfaces ; hence, for one such curve, at 
least, it may be assumed that ^ has its lowest value, zero. For the third singu- 
larity of the given curve, the rank, r, can be found in the following manner: 

Given two surfaces, whose equations are S =■ and 2 = 0, the condition 
that a tangent to their curve of intersection meet the arbitrary line represented 
by the equations 

ttix -f bji/ + Cjg + cZjs = and a^x -f- h^ -\- c^z -{■ d^ = is that 



= 0, 



which may be denoted by A = , where the surface A represents the locus of 
points, the intersections of whose polar planes with respect to S and 2 meet the 
arbitrary line. If the curve in question be the complete intersection of /S and 
2, the rank desired will be the number of points common to S, 2 and A; i. e., 
the product of the orders of those three surfaces, subject to a reduction for the 
multiple points of the curve. But, if the curve be taken as the partial intersec- 
tion of S and 2, a further reduction of that product is necessary in order to 
obtain r.f 

The surface S has been defined, in the general case, when so determined as 
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* Salmon, " Geometry of Three Dimensions," pp. 391-293. 
f Salmon, "Geometry of Three Dimensions," p. 808. 
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to contain the curve (p, q) and have the residual of its intersection with 2 made 
up entirely of straight lines, by the formulas (of. p. 206), 

to' = i (^ + t) + 1, /i = i (i? + t) — g- + 1, /a = 2, ^i = T, when ^j = . 

The surface 2 is known to be of order three and to have a double line. There- 
fore, li M', F^, jPg and Gi represent, in regard to A and 2, what m'y/i,/^, and g^ 
respectively, denote with reference to S and 2 , it is clear that the surface A will 

have 

M'=iip + 'r) + 2, Fi = iip + 't)-.q + l, F^-2 

in all cases. As for Gi, it is evident that its value depends on the choice of o, ; 
thus, if dr be so chosen as to represent r different generators in the first sheet of 
2, it follows that Gi= 0, while if o^ include any such generator more than once, 
then will that generator occur on A, so that in such case G^'^O. In general, if 
all generators entering more than once in a^ be p in number and contribute a 
total order of y as their component of g^, where 2p<y <'r, then will A contain 
p generators of X and have Gi=: y — p ; for any generator in the first sheet of 2, 
which occurs s times in the intersection of S and 2, will occur s — 1 times in 
the intersection of A and 2 . 

The curve (p, q) meets the surface A, in general, in 

m.M' = {p + q)li {p + 'r)-{- 2] 

points, which number must be subjected to reductions in two ways in order to 
obtain r. First, since the lines common to A and 2 are multiple to an order at 
least as great as two on one or both the surfaces S and 2 , it follows that the 
polar plane or planes with respect to S and 2 for all points on these lines are 
one or both indefinite ; consequently, the points of intersection of the curve 
[p, q) with such multiple lines of A should be rejected from the above number ; 
this demands a reduction, since (p, q) hasp — q points on the double line in the 
first sheet of 2, g' points on that line in the second sheet of 2, and q points on 
every generator in the first sheet of 2 , amounting to 

(p-q).F, + qF, + qG, = {p~~q)i^{p + r)-q + l} + 2q + q.{y-p). 

Secondly, wherever the curve {p, q) meets a line common to S and 2, these two 
surfaces have contact, since an element of the curve and an element of the 
common line determine there a plane tangent to a sheet of either surface. Every 
such plane meets the arbitrary line in question, but such points must be rejected 
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from the above number, since, in general, the tangent to the curve there will not 
intersect the arbitrary line. This demands a reduction by p for the points 
where the curve meets the double line, by pg- for the points on the p generators 
occurring on A, and by (t — y) -q for the points on the t — y generators occur- 
ring singly in the residual intersection of S and 2. Therefore, the second 
reduction amounts to 

p + (p + T — y).?. 

Hence, if no further condition of contact between S and 2 be imposed, it is 
obtained that 

r = m.M' — (p — q)-Fi — q.F^ — q-Gi — P — (p + ''^ — T)-^ 
= p.{M' - F^—1) + q.{M' + F^- F,-r) 
= q.{2p — q + 1). 

And if it be further required that S and X have ordinary contact at R points 

and stationary contact at ^ points, the formula for the rank of the given curve 

{p, q) is 

r=q.{2p — q + 1) — 2fl"— 3/?. 

Double points resulting from the intersection on the double line of X of a 
pair of branches of the curve {p, q), the branches lying one in either sheet in 
that neighborhood, are among the singularities included in h and not in H; for, 
while they are actual double points of the curve, regarded by itself, they are 
only apparent double points, regarded from the point of view of the geometry 
on the surface 2 . If such apparent-actual double points have their number 
denoted by h^, where h=:hi-\- Jiz,\t is evident that h2<p/2; hi will then refer 
to points which are, from the consideration of the geometry on the surface 2 as 
well as from the point of view of the curve itself, apparent double points ; and 
5" will refer only to those multiple points arising from imposed contact of aS' with 
2, i. e., actual double points from both points of view. Similarly, a cusp, from 
the point of view of the curve, arises when two branches, lying one in either 
sheet in that neighborhood, intersect at the pinch-point ; but, regarded from the 
standpoint of the geometry on the surface 2 , such a singularity is not a cusp and 
consequently will not be included in ^ , which represents the number of cusps 
resulting from imposed stationary contact between S and 2, i. e., singularities 
which are cusps from both points of view ; such apparent-actual cusps will be 
included in h<,. . 
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The ordinary Pliickerian equations connect the singularities here considered 
by the formulas 

h=^i {m{m — 1) — r] , x= k [r{r — 1) — 3m — »] , 

a = 2(n — m) + /?, g=:zi[n{n — 1) — r — 3a]. 

These equations, with the help of the values of m and r already found, give the 
following complete set of formulas for the singularities of the curve {p, q) in 
terms ofp, q, H, and /3: 

m = p + q, 

h =ip(p-l) + q(q—l), 

n =3{2pq — q^~p)—2{SH-{-4l3), 

a =4p {8q — 2) — 2q {3q + 1) — 3 (4^+ 5/3), 

r =q{2p—q + 1)— 25"— 3/3, 

X = 2pq{pq — q^ + q — 2) + i q{^ — 2q^ + 55^—4) 

_ J (4^g _ 2(^« +2q— 1){2H+ 3^) + i {2H+ 3(3f +3H+ 4^, 

y =: 2pq{pq — q^ + q — b) + h q {q^ —2q^+llq— 2) 

+ 4p _ i (4p^_ 2g2 +2q — 1){2E+ 3/3) + i {2H + 3/3)^ -\-3{3H+ 4/3), 

g =^(2pq- q^- pf - llq{2p- q) + i {27p + 5q) 

— [6 (2m - q^—p) — 7](3fi"+ 4/3) + 2 (3F+ i(3f + H. 

If the deficiency of the curve (p, q) be denoted by 2), it will be shown later (cf. 

page 220) that 

D = p{q — l)—hq{q+l)+l — E-^. 

The number of varieties of curve of each species {p, q), according to the possible 
conditions of ordinary and stationary contact between the surfaces S and 2, 
is evidently h {D ■\- \){D + 2). 

It was seen on page 210 that the curves {p, q) having q= \, are unicursal ; 
the equation for D above shows that such curves have the deficiency zero, and 
gives as the condition for zero deficiency when 11= ^ = that q have the value 
unity. 

The singularities of several curves of the lower orders, as computed by the 
help of the formulas found above, are presented in Table 3. 
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VI. — Geometry on 2 from the Point of View of Plane Curves. 

Any curve {p, q) in the geometry on 2 has as its analogue in plane geom- 
etry an entirely definite curve ; the equation of the former being 4> (^ , (i, v) = 0, 
the equation of the corresponding plane curve is ^(a;, ?/, z) =: 0. The order of 
{p, q) as a curve in space is p-\-q, but the order of the corresponding curve in the 
plane, and also of the given curve from the point of view of the geometry on 2, is ^ . 
To the p — q points of [p, q), which lie on the double line in the first sheet of 
2 corresponds on the plane curve a multiple point, the order of whose multi- 
plicity is J9 — q; the line on 2 is given by ji/v = (i/v = 0, and the point in the 
plane hy x=: 0, y = 0. To this fact that to the p — q points on a line on 2 
corresponds a (p — g')-tuple point in the plane are due the chief differences 
between the geometry on 2 and plane geometry. 

1. Intersections of Two Curves {p,q) and [p', ^). 

Two plane curves of orders p and p' intersect in pp' points. But since the 
two curves {p, q) and {p\ q') will, in general, have no common points on the 
double line in the first sheet of 2 to correspond to the points of intersection of 
the two analogous plane curves at the multiple point a; = 0, «/ = , the number 
of intersections of the curves {p, q) and {p', q') will be less than pp' by the num- 
ber of points of intersection of the two corresponding plane curves at their mul- 
tiple point in question, i. e , pp/ must be diminished by {p — q){p' — g'). Hence, 
if {p , q) and (^', (f) have no points of intersection on the double line in the first 
sheet of 2, they will intersect in pp' — {p — q){p' — 5'') points. If, however, the 
two curves {p, q) and {p', q') have a common point or points on the double line 
in the first sheet of 2, further consideration is necessary. If the equations of the 
two curves are 

<|)(a,,«, v)= cr, + r.C7;_i+ .... +v^C^,_. + .... 

-Fr«-\Z7^_,+x + r«.Cr^_, = and 

the condition that 6 points of the line in question be common to the two curves, 
or that the order of intersection of the two curves on that line he 6, is that Up_q 
and ZPp'^q' have $ linear factors common. If the equations of the two corres- 
ponding plane curves be now obtained by replacing A,, /w, and v by x, y, and z 
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respectively in the equations of {p, q) and (p', g') , giving ^{x, y, z) = and 
^' (a; , 2/ , k) = , the condition for 6 intersections on the double line in the first 
sheet of 2 in the former case becomes in the latter case the condition that 
branches of the one curve be tangent to 6 branches of the other curve 
at the point cc = , y = . Hence, the two plane curves will have 
pp' — (p — q) (p' — q') — 6 intersections apart from the multiple point 
in question. Similarly, the given curves (p, q) and (p', q') will have 
pp' — (jp — q){p' — q') — ^ intersections apart from the double line in the first 
sheet of 2 . This number, together with the B intersections lying on the double 
line in the first sheet of 2 , gives a total of pp' — (p — q){p' — ^) intersections 
in this case also. Therefore, from the point of view of the geometry on 2 is 
established for all cases the 

Theorem. — The two curves {p,q) and {p',q') on 2 have p^-{-q{p' — q') 
intersections* 6 of these intersections will lie on the double line in the first sheet 
of 2 when, and only when, the two corresponding plane curves have $ branches 
of the one tangent to 6 branches of the other at the multiple point x = , y = . 
If either p = q or p/ =. q', then will not only 6 have the value zero, but, further- 
more, the number of intersections of {p, q) and [p', q') will be the same as the 
number of intersections of the two corresponding plane curves. 

The above formula includes only those intersections which occur as such in 
the geometry on the surface X and does not take account of cases where a branch 
or branches of each curve meets the double line of 2 at the same point, the 
branch or branches of the one curve lying in the one sheet and the branch or 
branches of the other curve lying in the other sheet of X in that neighborhood ; 
but the intersections thus occasioned, although to be regarded as only apparent 
from the standpoint of the geometry on X , are actual from the point of view of 
the curves (p, q) and (y, q') as curves in space. If the number of such inter- 
sections be denoted by %, it is evident that 0<Bo<{p — 2') §'' H- (i?' — ^)9.> 
and that p^ -f p'q — q^ -f ^o is the number of intersections possible to any two 
curves {p , q) and {p', q') regarded as curves in space ; evidently this number can 
be greater than, equal to, or less than the number of intersections of the corres- 
ponding curves in the plane ; it will necessarily be the same as in the case of the 
analogous plane curves when both p = q and p' = q'. 

* This agrees with the formula ( Oa , b^) — ap-{-ba-- 3a/3 given by Professor Story, " On the Num- 
ber of Intersections of Curves Traced on a Scroll of any Order," Johns Hopkins University Circulars, 
August, 1888. 
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2. Double Points on {p, q). 

A plane curve of order p can have at most ^{p — 1) (i? — 2) double 
points. A point of the {p — qy^ order of multiplicity counts as equivalent to 
i (p — q){p — q — 1) double points; hence, the plane curve, which is the 
analogue of the curve {p, q) on 2, can have a maximum of 

Hp—l){p—2)-i{p~q){p — q-l)=p{q—l)-hq{q+l) + l 

double points apart from the Q? — g')-tuple point «= 0, ?/= 0. Consequently, 
from the point of view of the geometry on 2, the curve {p, q) can have at most 
P {2~~ 1) — ^9'(? + 1) + 1 double points; hence, D=p{q — 1) — i q{q + 1) 
+ 1 — H — (3, as stated on page 215. If a multiple point or multiple points, whose 
total order of multiplicity is y, lie on the double line in the first sheet of 2, then 
must the branches of the corresponding plane curve have contact of the total 
order y at the multiple point a; = , y =^0; evidently, y must have the value 
zero when p = q; and, furthermore, any curve (p, q), where p = q, has the 
same maximum number of double points as the corresponding plane curve. 

The results obtained thus far in this section have to do only with actual 
double points ; i. e., points whose order of multiplicity comes entirely from the 
intersection of branches lying in the same sheet in the neighborhood of the 
point in question in each case. But it has been already noticed that apparent- 
actual multiple points — at most, only apparent from the standpoint of the geom- 
etry on 2, but actual from the point of view of {p, q) as a curve in space — may 
occur from the intersection on the double line of branches of the curve, some of 
which branches lie in the one sheet of 2 and another or others lie in the other 
sheet of 2 in the neighborhood of the point of intersection in question. If no 
actual multiple points occur on the double line of 2 , there can be at most q such 
apparent-actual double points on the curve {p,q), \i p'>'iq, and at most p — q 
such double points on that curve, Up <'2q. In general, if /3i branches intersect 
at a point of the double line, and all lie in the first sheet of 2 in that neighbor- 
hood, and also /^g branches, all lying in the second sheet of 2 in the neighbor- 
hood of the double line, intersect at the same point of that line, the point in ques- 
tion counts as a i (j3i + ^■^{^i + ^z — l)-tuple point of the curve to which those 
branches belong, if that curve {p , q) be regarded as a curve in space. The same 
point has for its order of multiplicity on (p, q), regarded from the standpoint of 
the geometry on 2 and the corresponding plane curve, only the sum J /8i(/?i — 1) 
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+ i /?2 (/3a — 1) ; hence, the increase in the order of multiplicity of the point, 
due to the introduction of the apparent-actual multiple points, is 

i (/?! + /3,)(A + /?2- 1) - Ml {I3i-l)-il3,{^, - 1) = /3i^2, 

which may be as great as q(p — q). Therefore, the maximum sum of the 
orders of multiplicity of all the multiple points of (p, q), regarded as a curve in 
space, is 

So the curve (p, q) can have the sum of the orders of multiplicity of all its mul- 
tiple points less than, equal to, or greater than the corresponding sum in 
the case of the analogous plane curve. The above number p{2q — 1) 
— i g {Sq +1)4-1 reduces to h {p — l){p — 2) , when p = q, as is evident 
geometrically, since no point of the curve {p, q), when j> =q, lies on the double 
line in the first sheet of 2. Any curve (p, q) , which has q = l and, conse- 
quently, is unicursal, and, from the point of view of the geometry on 2 , of 
deficiency zero, can still have an order of multiplicity of all its multiple points 
together of at most p — 1 , according as the p — 1 points on the double line in 
the first sheet of 2 lie, in part or even wholly, at the point where that- line is 
met by the curve in question in the second sheet of 2 ; thus the quantity 
p (2q — 1) — h q {Sq -f 1) -|- 1 reduces to p — 1 when q has the value unity. 

3. Determination of the Curve (p, q). 

The equation of the curve (p, q), when written in the form 

^=Uj, + v.u^_i+ .... +v\Uj,^^+ .... + v'^-\ cr,_g+i -f T'«. Up.g=o, 

is seen to contain, in the general case, 

p ■{- 1 +P + p — l + +p — q-\-2+p — qi-l 

= pq+p — iqiq—i)+ I 

terms ; consequently, the curve (p, q) is determined by j) (5' -|- 1) — ^ lil — 1) 
points. 

The same can be seen also in this way : The general p-thic in the plane is 
determined by h p {p -{■ Z) points. The equation above, representing {p,q), 
has all the terms of the general ^-thic save those in the powers of v beyond v^, 
which are 
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The number of these terms is 

p — q+p — q — 1+ +2-\-l — i{p— q){p — q + l). 

This number of conditions must be subtracted from hp(p + 3), giving 
ip{p + S)~i{p- q){p -q^l)=p(q^l)-iq{q-l) 

as the number of conditions or points necessary to determine a curve on 2. 

Unicursal curves, having always g- = 1 , are each determined by 2p points, 
as the formula shows ; and any {p, q), where p =z q, is seen, from the point of 
view of its analogue in the plane, as well as from the formula given, to be 
determined hy i p {p + 3) points. 

Table 4 gives the number of points necessary to determine a curve (p , q) 
of the species indicated, for all curves having j5 < 10 . 











TABLE 4. 










Curve 


Points 


Curve 


Points 


Curve 


Points 


Curve 


Points 


Curve Points 


(1,0) 


1 


(5,2) 


14 


(7,3) 


25 


(8,8) 


44 


(10, 3) 


37 


(1,1) 


2 


(5,3) 


17 


(7,4) 


29 


(9,1) 


18 


(10, 4) 


44 


(2,1) 


4 


(5,4) 


19 


(7,5) 


32 


(9,2) 


26 


(10, 5) 


50 


(2,2) 


5 


(5,5) 


20 


(7,6) 


34 


(9,3) 


33 


(10, 6) 


55 


(3,1) 


6 


(6,1) 


12 


(7,7) 


35 


(9,4) 


39 


(10, 7) 


59 


(3,2) 


8 


(6,2) 


17 


(8,1) 


16 


(9,5) 


44 


(10, 8) 


62 


(3,3) 


9 


(6,3) 


21 


(8,2) 


23 


(9,6) 


48 


(10, 9) 


64 


(4,1) 


8 


(6,4) 


24 


(8,3) 


29 


(9,7) 


51 


(10, 10) 


65 


(4,2) 


11 


(6,5) 


26 


(8,4) 


34 


(9,8) 


53 






(4,3) 


13 


(6,6) 


27 


(8,5) 


38 


(9,9) 


54 






(4,4) 


14 


(7,1) 


14 


(8,6) 


41 


(10, 1) 


20 






(5,1) 


10 


(7,2) 


20 


(8,7) 


43 


(10, 2) 


29 







It is evident that here, as in the case of the determination of plane curves 
by points, the resultant curve will be improper when any one of certain relations 
exists between the given points. Thus, if more than p — q of the points chosen 
for the determination of a (p, q) lie on the double line in the first sheet of 2 , the 
curve must contain that line ; and, similarly, if more than q of the p{q -\- 1) 
— i 5' (§' — 1) points lie on any generator of 2 , the curve determined must con- 
tain that generator ; hence, if, in either of these cases, the curve be of order 
greater than unity, it will be an improper curve containing as a component a 
straight line. So, in general, when^ (g' + 1) — ^ q{q — 1) points for the deter- 
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mination of a {p,q) are given, since a {p — p', g' — g') is determined by 
{p — p){q — 2'' + !) — ^ {q — ^){q — ^ — 1) points, it follows that when as 
many as 

p{qJ^l)—iq{q-\)- (p-p')(q — q' + l) + J {q~q'){q - q' — l) 

=y (?-?' + 1) + q' ip — q) + iq' iq' + i) 

of the given points lie on a (p', q'), then the {p, q) is made up of the two curves 
(p', (jf) and {p — p', q — ^) ; but it is necessary here that p' <p and q' >q, and, 
consequently, p — y >q — ^. Under these conditions it may be stated that, if, 
of the f) {q -^-1) — Iq [q — 1) points given for the determination of ^{p,q), as 
many as pi (q — q' + 1) + q' (p — q) + h q' (q' + 1) lie on a {p', q') , the {p, q) 
will consist of this {p', q') , together with the {p — p^, q — ^) determined by the 
{p — p'){q — ?' + 1) — ^ {q — S'OC? — q' — l) remaining points. 

Thus, if two of the 2p points given for the determination of a unicursal curve 
{p, q)q=i lie on a generator, the curve consists of that generator, together with 
the unicursal curve {p — 1, 1) determined by the 2 {p — 1) remaining points; 
and, in general, if 2^) — a of the 2p points given for the determination of a uni- 
cursal curve {p, q)q^i lie on a unicursal curve {p — a, 1), the a remaining points 
determine a generators, which, together with the {p — a, 1), constitute the 
{p, q)q=i in question. As a particular case, let there be given 50 points for the 
determination of a (10, 5) ; if 46 of those 50 points lie on a (6, 5), the 4 remain- 
ing points determine a (4, 0) , 4 generators, which, with the (6, 5) , constitute the 
(10, 5) ; or, if 42 of those 50 points lie on a (6, 4), the (10, 5) consists of that 
(6, 4), together with the (4, 1) determined by the 8 remaining points ; or, again, 
if 39 of those 50 points lie on a (6, 3), the (10, 5) consists of that (6, 3), 
together with the (4, 2) determined by the 1 1 remaining points ; or, similarly, if 
37 of those 50 points lie on a (6, 2), the (10, 5) consists of that (6, 2), together 
with the (4, 3) deterinined by the 13 remaining points; if 36 of those 50 points 
lie on a (6, 1), the (10, 5) consists of that (6, 1), together with the (4, 4) deter- 
mined by the 14 remaining points; if 48 of those 50 points lie on a (9, 4), the 
(10, 5) consists of that (9, 4) , together with the (1,1) determined by the 2 
remaining points, etc., etc. 

A case not in accord with what has been stated in this section occurs when 
the number of points prescribed by the formula for the determination of the curve 
is the same as the number of points in which two curves of the species of the 



224 Ferry: Geometry on the Gvbic Scroll of the /Second Kind. 

given curve intersect; i. e., when p{q -\- 1) — i q (q — 1)= ^pq — q^ ; this 
demands that p:=i ^^^ ~^ I and is satisfied by ^ = 3 and g- = 2 or 3 , but by 

no other values of p and q. Thus, a (3, 2) is determined by 8 points and two 
(3, 2)'s intersect in 8 points ; if ^i = and ^2 = are the equations of two 
(3, 2)'s which both pass through 7 given points, ^i + Je^^ = is the equation of a 
(3, 2) passing through all the 8 intersections of the two given (3, 2)'s ; conse- 
quently, all (3, 2)'s having 7 points common have in addition an 8 th common 
point ; and if the 8 points given for the determination of a (3, 2) are the points 
of intersection of two (3, 2)'s, the desired curve is not completely determined > 
for a single infinity of (3, 2)'s can be passed through the 8 given points, and one 
(3, 2) can be passed through the 8 given points and any 9th point. Similarly, 
and just as in the case of plane curves of the third order, a single infinity of 
(3, 3)'s can be passed through the 9 points of intersection of any two (3, 3)'s ; and 
a 10th point is necessary to define a (3, 3) whenever the 9 given points are the 
points of intersection of two (3, 3)'s. Thus, if 32 of the 50 points given for the 
determination of a (10, 5) lie on a (7, 3), the (10, 5) consists of that (7, 3) and the 
(3, 2) determined by the 8 remaining points, if those 8 points are not the points of 
intersection of two (3, 2)'s; and, similarly, if 41 of the 50 points given for the 
determination of a (10, 5) lie on a (7, 2), the (10, 5) consists of that (7, 2) and 
the (3, 3) determined by the 9 remaining points, if those 9 points are not the 
points of intersection of two (3, 3)'s. 

From the corresponding theorems in plane geometry are derived the follow- 
ing for the geometry on 2 : 

a). If the two curves {p', q') and ( j>", q") have no multiple points of inter- 
section, 

1). Any {p, q)q=p-K which passes through all the points of intersection of 
{p', q%=p' and {p", q")q"<p" , whose equations are ^' = and ^" = , can have 

its equation put in the form ^ = A^' + B^" = , where J. = and JS = repre- 
sent curves of the species {p — p^, q — 5' — x) and {p — pl\ q — q" — k) respec- 
tively. Here must clearly x>q — ^' — {p — p") . 

2). Any (p, q)q=p-(p'-q')-(p" -q") + i, which passes through all the points of 
intersection of{p', q')q'<^p' and (p", q")q"<p", whose equations are ^' = and ^" = 0, 
can have its equation expressed in the form ^ = A^' -|- B^" = , where J. = and 
B^O represent curves of the species (^p — p',p — p' — (p" — q") -\- ^) and 
(p — p", p — p" — (jp' — ?') + !) respectively. 
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b). If the two curves (y, q') and {p", q") have an r-tuple point P of the 
former coincident with an s-tuple point P of the latter, 

3). Any {p, q)q^p^^, which passes through all the points of intersection of 
(y , q')q'=p' and {p", q")q>f<pn, whose equations are 4)' = and ^" = 0, will have 
an (r + s — l)-tuple point at P, and can have its equation expressed in the 
form ^ = A^' + B^'' = 0, where J. = represents a curve of the species 
{p — y, q — q' — x) having an [s — l)-tuple point at P , and 5 = represents a 
curve of the species {p— pi', q — q" — x) having an (r — l)-tuple point at P. 
Here evidently x'>q — (jf' — {p — p/') . 

4). Any (^, 5)g_y_(p,_g,)_,y,_g„j^i, which passes through all the points of 
intersection of {p'^^)q^<p^ and {p", q")q"<_p", whose equations are ^' = and 
^" = , will have an (r + s — l)-tuple point at P, and can have its equation 
expressed in the form ^ = A^' + B^" = 0, where J. = represents a curve of 
the species {p—p',p — p' — {p' — ^') + 1) having an (s — l)-tuple point at P , 
and J. = represents a curve of the species {p — p",p — p" — [p' — 2') + l) 
having an (r — l)-tuple point at P. 

Many interesting applications of these four theorems are possible. It fol- 
lows from 1) that, if p^' + p"q — qc[' of the pel + p'q — qc^ intersections of a 
(p, q)q=p-^ and a {pi, q') lie on a (p", q")q^^<p'^, the remaining points of intersec- 
tion lie on a {p—p",q — q" — x) ; or, i£ pp" of the 2pq — q^ intersections 
of two {p, qys lie on & {p", q")q„^p„ , the remaining points of intersection lie 
on a {p — p",q — q"). This means that, if 8 of the 16 points of intersec- 
tion of two (4, 4)'s lie on a (2, 2), the remaining 8 points also lie on a (2, 2); 
if 6 of the 9 points of intersection of two (3, 3)'s lie on a (2, 2), the 3 remaining 
points lie on a (1, 1) ; and, again, if 17 of the 30 points of intersection of a (6, 5), 
with a (5, 5) lie on a (3, 2), the 13 remaining points lie also on a (3, 2) . 

Prom 2) it follows that, if pq" -f p"q — qq" of the pq' + p'q — qq' points 
of intersection of a (p, q)q^p and a {p', c[\^^, lie on a (_p", /V.=y'_(p_3) + (p'_g')-i. 
the remaining points of intersection lie on a (j) — p", p — y — (y — (f) -j- 1), 
where evidently jp' — q' <{p — q) + \; and if p^' + p/'q — qq^' of the Ipq — q^ 
points of intersection of two {p, q)q<pS, lie on a {p", q")qn^p„_i, the remaining 
points of intersection lie on a (p — y, q — p" + 1). Thus, if 5 of the 8 points 
of intersection of two (3, 2)'s lie on a (2, 1), the 3 remaining points lie on a (1, l) ; 
and if 21 of the 30 points of intersection of a (6, 4) and a (6, 3) lie on a (4, 3), the 
9 remaining points lie on a (2, 1). 

30 
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Similar applications of Theorems 3) and 4) are readily obtained. 

Theorem 1) shows also that any {p, q)q^p, which passes through p {q -{■ I) 
— iffC? — 1) — 1 points of intersection of another {p, q)q=p and a {p, ^)q'^.p-K> 
contains also the i (p — l){p — 2) remaining points of intersection if these do not 
all lie on a (p — 3,9' — 3) . Thus any (4 , 4) , which passes through 13 points of 
intersection of another (4, 4) and a (4, 2) , contains also the 3 remaining points of 
intersection, unless those 3 points all lie on a (1 , 1) ; etc., etc. 

4. The Conic (1 , 1) on 2 . 

The most general linear equation in the three variables, ^ , /i and v , is of the 
form a^ + 6/« + cv = and represents a curve of the species (1 , 1) , which may be 
called a conic (1 , 1) on 2. This curve meets every generator of 2 in one point, 
has consequently one point on the double line in the second sheet, but has no 
points on the double line in the first sheet of 2 . If & = , this conic passes 
through the point a; = 0, y^=0 , 2 = in the second sheet of 2 , and, if a = 6 = , 
it is the conic which, with the generator y = , a = , forms the intersection of 
the plane a = with 2. If « = and 6^0, this conic passes through the point 
2/ = 0,2 = 0,s=0. If c:=0, the curve is no longer a conic but a generator 
(1, 0) ; but in this case it may be said that the conic consists of the generator in 
question and the double line in the first sheet of 2, since the conic (1,1) tends to 
become that composite curve as a Hmiting case when c is made to approach zero ; 
thus the (1 , 0) and the (0 , 1) together still constitute a conic (1 , 1) when c = , 
although the curve is no longer a proper conic. 

A conic (1, 1) is evidently determined by two points, neither of which lies on 
the double line in the first sheet of 2 ; iior can both lie on any generator, if the 
curve is to be proper. The equation of the conic (1,1) through the points (1) 
and (2) may be written in the determinant form thus : 

?^ (l V 

^1 /^i n =0- 

/I2 flz Vz 

The condition that this conic pass through the pinch-point in the second sheet of 
2 is obtained by putting ^l^ = ^^ = , which makes (1) become that point ; this 
substitution gives : 

^ (I V 

Vi =0 

^2 ^2 "3 
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or (i^'k — /Ij^ = , for tlie equation of the conic ; but this equation gives only the 
generator X/fi = Xi/ii2 through the given point (2); or, the improper conic in this 
case may be regarded as made up of this generator and the double line in the first 
sheet of 2. This agrees with what was stated earlier, that no {p , q)q=p can pass 
through the pinch-point, and requires that point to be regarded as lying in the first 
sheet rather than in both sheets of S. If both points, (1) and (2), lie on the same 
generator, Xjfii = ^z/fia , the equation becomes i^il — ^i/tt = ; and, if that gene- 
rator be the double line in the second sheet, Xi = 7i,^ = , the equation becomes 
;i = ; hence, whenever the two points lie on the same generator, the equation 
reduces to the equation of that generator, and the conic can be regarded as made 
up of that generator and the double line in the first sheet of 2 . Similarly, if one 
of the two points, as, e. g., the point (1), be chosen on the double line in the first 
sheet of 2 , the equation becomes that of the generator through the other point, 
viz., [ii?i — /Ig/tf = ; and, if both points be chosen on the double line in the first 

sheet of 2 , the equation becomes % — —i ?- . ^u = o , giving a generator deter- 

^1 — ^2 

mined by the two points, but containing neither of them so long as those points 
are distinct ; hence the double line in the first sheet must always enter here to 
constitute, together with the generator found, the improper conic (1,1) through, 
and determined by, the two points. 

Evidently the coordinates of any point on the conic (1 , 1) can be expressed 
linearly in terms of the coordinates of any two of its points thus : 

A ^^ SAj "p tAj) , 
11 = 8(11+ t(l2 , 
V =^ SVi -\- tVi , 

It has been seen already that two (1 , l)'s intersect in a single point. If the 
equations of the two conic (1 , l)'s on 2 be a^^ + h^^i + c^i^ = and a^X + h^fi + 
Cgv = , the point of intersection of the two curves has the coordinates 






s 



Ci «! 



h. 



This point lies on the double line in the second sheet if &1/63 = Cx/g^ , and cannot 
lie on that line in the first sheet of 2 so long as either conic (1 , 1) is a proper 

curve. 

In a similar way can all theorems concerning descriptive properties of lines 
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in the plane be applied to the case of the curves of species (1 , l) on S . And in 
like manner can theorems concerning descriptive properties of curves of any order 
in the plane be applied to the cases of the corresponding curves on X . 

5. Polar and Tangent Curves on 2 . 

o o o 

If theoperator;i-,5— r+u ^5-;-4-?^^c-7 be denoted by A, then may the curve 

OA' O^' OV 

whose equation is A''^' = be called the (p — T&f polar of the point (V, fJ, v') , 
or P', with respect to the curve whose equation is ^ = . If ^ < g- , this (p — kf^ 
polar is a curve of the species {Jc, k), while, if ^ > g' , it is of the species (k , q) ; 
consequently, as a curve in space, the (p — ^)* polar is a 2^-thic or a(k -\- g)-thic, 
according as k <q or k>,q, and may be designated as the polar 2A>thic or polar 
(k + g')-thic, respectively, of the point P' with respect to the curve (p, q). If the 
point P be taken on the curve {p , q), the polar 2^-thic and the polar (k + 2')-thic 
become the tangent 2h-i\nc and the tangent {k + g)-thic respectively ; these .curves 
have ^ + 1 points lying on the curve {p , q) at the point P and therefore give, in 
general, the direction of that curve at the point in question. 

Thus, if P' be a point of the first order of multiplicity on {p , q) and do not 
lie on the double line in the second sheet of 2, the direction of (^, g-) is given 
most simply by the tangent conic, whose equation is A^)' = . And, if P' be a 
point whose order of multiplicity is. k ou {p , q) and do not lie on the double line 
in the second sheet of S , the directions of the k branches are, in general, given by 
the tangent 2^-thic or {p + A;)-thic, whose equation is A^^' = ; but multiplicity 
must here be regarded as referring only to the intersections of branches all of 
which lie in the same sheet of S in the neighborhood in question. 

If the equation of (p , q) is given in the form 

4)= Fp + A. F,_i+ .... +;i^-'-i. F,+a + ;i''-'. F, = o, 

the tangent conic at any point P' of the double line in the second sheet of 2 , that 
point being of the first order of multiplicity on (j) , g) , is a definite curve whose 

equation is 

7)V' ?)V' 3V' 

?^.V'i + u.^+v. V^ = . If P' is not the pinch-point, -^"^ , 
dfi' OV dv' 

and the tangent conic cannot reduce to a tangent line. But if P' is the pinch- 
point, then must p^q -{• I , and if Vp be written in the form : 

V^=aoii^ -f- aiii^-^v + ....+ ag_ji«''-« + V-^ ■}- a^fi^-'^v'^, 
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it is necessary that ctg = and a^ _ i :^ to insure that the curve pass once 
through the pinch-point in the second sheet. The pinch-point here is given by 
X' = , |tf' = ; y'f-i contains the quantity ^ p — q — 1 times as a factor, while 

3 F' dV 

-^ and -^ contain the factors ii"^~'^ and jm'^~« + ^ respectively; hence the tan- 
gent curve at the pinch-point in the second sheet has for its equation yl = and 
consists of the generator in that sheet, the double line itself ; consequently any 
{p , q) passing once through the pinch-point in the second sheet must take the direc- 
tion of the double line at that point. That such coatact with the double line can 
occur, without having the curve meet the double line in the second sheet in two con- 
secutive points, is evident, since the vanishing of a^ above shows that the terms con- 
taining v'^ all contain % , and hence that the curve {p ,q) has a point coincident with 
the pinch-point in the first sheet also ; therefore s, {p ,q) , passing once through the 
pinch-point in the second sheet, has contact with the double line at that point, the 
second point of intersection lying, not in the second, but in the first sheet there. 
Conversely, a (p , §) passing once through the pinch-point in the first sheet passes 
through the pinch-point in the second sheet also, and has the direction of the 
double line there, the two points of intersection with that line lying consecutively, 
one in one sheet and the other in the other sheet. 

If the point P', determined on the double line in the second sheet of 2 by 
W = , ttfi' — bv' ^=0 , {b ^ 0), is a double point of the curve {p, q), the equation 
of (p, q) can be written in the form 

That P' be a double point demands that q>2; hence, the tangent curve here is a 
tangent quartic (2, 2) whose equation is 

If Xp_i—{aii — bv). Tp_3, the equation of the tangent quartic becomes 

[a . Tr;_2 + (a^ — bv) . vi,_;\{afi — bv) = o, 

and one branch of the curve at P' has the direction of the conic (1, 1) whose 
equation is afi — 6v = , while the other branch is tangent to the conic (1, 1) 
given by Jl . Tf^_2 + fi.aV^_2 — v . 6 T^_.a = , the tangent quartic breaking up 
into two tangent conies of the species (1, 1). If Wp-i = {a{i — bv).Zp_3, the 
equation of the tangent quartic becomes X^.X^_2 + («/« — ^vf -^1-% = 0, and the 
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two branches of (p, q) have at P' the directions of the two conic (1, l)'s given by 



2. J^=^ + a^—bv = and ;\, . J^^ — an -\-bv = 0. 

And, if, again, it happen that not only W^_^-=-(ay. — bv).Z^_^, but also 
Xp_2 = (a|« — 5i').I^_3, the equation of the tangent quartic reduces to 
(a^ — 6j;)2. T^_3= 0, and the tangent curve consists of the conic (1, 1) given by 
an — &r = occurring twice. So long as 6^0, it is clear that the curve can- 
not have contact with the generator /« = , and hence cannot take the direction of 
the double line at any point of that line apart from the pinch-point. But if & = , 
and P' consequently be the pinch-point in the second sheet, the equation of the 
tangent quartic takes the form 

in which the value zero is still to be introduced for («'. It is clear that ^ occurs 
as a factor p — q — 2, ^ — q — 1 and p — q times respectively in -X^_3 , TF^-g, 
and T^_2; hence, the tangent curve consists of the double line itself in the second 
sheet as given twice by the equation Pt^ = . Here must T^ , as expressed on 
page 228, have a^ = a^_-^ = , while ag_3 =^ ; consequently, the terms of 4) = 
containing r^ all contain ;i as a factor, and the curve (2>. ?) . which passes twice 
through the pinch-point in the second sheet of 2 , contains the pinch-point in the 
first sheet at least once. Similar results are readily obtainable when P' is a point 
of any higher order of multiplicity on ( p, q) ; and, in general, it is true that any 
branch of {p, q) which meets the double line in the second sheet at the pinch- 
point takes the direction of that line there, but at no other point of that line in 
the second sheet is the same true for any branch of {p, q) . 
If the equation of {p, q) be taken in the form 

the direction of the curve at any point P, of the first order of multiplicity on the 
curve and not lying on the double line in the first sheet of S , is given by the tan- 
gent conic (1, 1) at the point, the equation of that conic being 

This tangent conic becomes the generator at the point when ^ = and ^ qf: 
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If P' lies on the double line in the first sheet: It has been seen on page 182 
that the points where (p, q) meets that line are given by Up^q^=' 0, and it is 
supposed that J" lies at the point where one of the p — q generators given by that 
equation meets the double line, and that such an one of those points is chosen as 
shall be of the first order on (p, q) and shall not lie at the pinch-point. It is clear 
that the tangent curve to be found here is not a tangent conic (1, 1) nor a tangent 
quartic (2, 2), since those curves do not contain any one of the points in question ; 
but the tangent must rather be a curve having p>q — 1. To obtain the equation 
of this tangent curve at the point P, the following method is available : Since 
v/X = v/fj. = 00 all along the line in question, if 1/X, l/[i and 1/v be substituted 
for ;i , ^ and v respectively in the equation ^ = , the problem becomes that of 
finding the tangent curve to the curve represented by the new equation thus 
obtained, at a point on the line given by v/X = vjfi = , which point, j^is of the, 
first order on the curve in question, and is itself given by v = 0, X/(i = p, 
where p is finite. This problem is analogous to that of finding the asymptotes of 
a plane curve. The new equation, obtained by the performance in ^ = of the 
change of variables proposed above and cleared of fractions by multiplying by 
TJ" [i^v^, may be designated by 4) = and has the form 

The tangent curve at P' is evidently a tangent conic (1, 1), in general, whose 
equation is 

^'~^^ ■+"^--a^ + »'- t/^ + 5-1-0. 



C^_g has the form 



dT,' ' ^* dii' 



Up_g = (aiA, + &l/^) . (fta^l + Jj^) K-? '^ + h-q /*) - 

and, accordingly, 

where TJp_q denotes what C^_, becomes if Jl and ^ are substituted for ^i and % 
respectively therein. Similarly, it is seen that 

where Z^_ J +1 has the same relation to Z^_g+i as U^-q to C^-,. Hence, the 
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equation of the tangent conic above can be expressed in the form 

If, now, %', fi', andr' be substituted for l/;i', l//[i', and 1/v' respectively here, and, 
likewise, /I, (i, and r for 1/Jl, l//t/, and 1/t^ respectively, the equation of the tan- 
gent conic (1, 1) to the curve given by 4) =: at the point P' becomes the equation 
of the tangent cubic (2, 1) to the curve {p, q) at the point P', that equation being 
of the form 

V.%p + v. %. + ,.. ?^ = o. 

77/ 
If ^7^,"*"^ = at P, the tangent cubic becomes a tangent line, the generator at 
A It 

P, given by ^ . J~ ^ + ^ . ''y" = ; hence, if the group of terms C^ _g +1 be 

lacking in the equation (p=zO , the curve {p , q) has the direction of the genera- 
tor at the point P. 

In a similar way, if P' lies at the pinch-point in the first sheet, it is found 
that the tangent cubic is reduced to the generator at the point given by ^ = , 
i. e., the double line itself in the first sheet. As already seen, the curve (p, q) in 
this case passes through the pinch-point in the second sheet also, and can be 
regarded as having its two consecutive points on the double line lying one in 
either sheet at this point. 

Similar results are obtained if the point P' is multiple on {p, q). And, in 
general, it may be said that the curve {p, q) has the direction of the double line 
at no point of that line save the pinch-point, but at the pinch-point can have no 
other direction. 

6. PlucJcerian Equations in the Geometry on 2- 

The equation of the tangent conic (1 , 1) of any curve {p, q) at the point P' 
has been seen to be 

As a locus in ?J, [i', v', this equation represents a curve of the species {p — 1 , q — l) 



Ferry : Geometry on the Guhic Scroll of the Second Kind. 



233 



or (j> — 1 . ?) . according as p = 5' or j? > 5 + 1 ; let the equation of this curve, 
i. e., the above equation regarded as an equation in X', ^ji! , v', be denoted by ■4'= 0. 
If the number of intersections of the two curves given by the equations ^ = and 
4/ = be denoted by N, then may N be defined as the class of the curve {p > q) , 
since it gives the number of tangent conies which can be drawn from any point P 
on S to the curve {p, q) , each point of intersection of the two curves being the 
point of contact of a tangent conic from the point P to the curve {p, q) . If the 
point P lies on {p, q) , it is clear that the number in question must be diminished 
by two for that point. And if A and K represent the number of double points 
and of cusps, respectively, occurring on {p , q), resulting from the intersections of 
branches lying in the same sheet in the neighborhood in question in each case, 
then, as in the corresponding case of plane curves, iVmust be subjected to a reduc- 
tion by two for each double point and by three for each cusp, giving the formula 

N= q{2p — q— 1)— 2A~ 3/f 

for the class of any curve (p , q) on X . It is evident that A and jff" refer to the 
singularities designated on pages 214-217 by i?and /?. 

A point of the curve {p , q) Sit which the tangent conic (1,1) meets that 
curve in three consecutive points may be called an inflexion on 2 . If the number 
of such points be denoted by /, a formula for / in terms of p and q can be found 
thus: 

If JE[ be defined by the determinant of the second derivatives of the poly- 
nomial ^ : 



E= 



and the curve whose equation is jB"= be called the Hessian of {p, q), then will 

every intersection of this Hessian with the curve {p, q) be, in general, for that 

curve, an inflexion on 2, as that term has been defined. The Hessian of (p, q) is 

of the species (3^— 6, Sq— 2), ifp>q + 2, {3p—6, 3^ — 3), if ^= q+ 1 

and (3^ — 6 , 3g' — 6), if p=z q, as the determinant above shows. Consequently 

the number of intersections of the curve (p , q) with its Hessian is found to be 

2p {3q — 1) — q {Sq -\- 4) , when p>q + 2, and 3p {2q — 1) — Sqiq + i) , when 
31 
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p <q + 1 . But these numbers are subject, as in the analogous case in plane 
curves, to a reduction by 6A + 8K, where A and ^have the meanings assigned 
them above. And, furthermore, while the formula for the intersections used 
above makes the necessary reductions, in general, for the double line of 2 , it is 
known that a plane curve and its Hessian have contact between both branches of 
the two curves at a double point ; accordingly, whenever p>q-j- 2 , the curve 
(p , q) and its Hessian have^ — q actual intersections on the double line in the 
first sheet of X ; but these intersections are no more to be regarded as inflexions 
on 2 for the curve {p, q) than are the points of intersection of a plane curve with 
the infinite line, in general, to be regarded as inflexions in determining the 
number l for the curve in the plane ; therefore, a further reduction by ^ — q is 
necessary when p>q-{- 2 . Thus is obtained the formula 

I=Sp{2q— l) — 3q(q + l) — 6A — SK, 

which holds for all values of ^ and q . 

The same results are obtained at once from the Pliickerian formulas for the 
class and the number of inflections of a plane curve if the curve is supposed to 
have a (p — g)-tuple point, and n, i,h,x, and m are replaced by N^, I, A, K, 
and p respectively in the formulas for n and u ; thus 

n =m{m — 1) — 2S — 3» gives 
N=:p(p-l)-(p~q)ip-q-l)-2A-8K 

= q(2p — q— 1)—2A— SK; and, similarly, 
I = 3m (m — 2) — 65 — 8x becomes 
I=3p{p— 2) — S{p—q){p — q — l) — 6A — 8K 

= Sp{2q—l)—3q{q + 1)— 6A— 8^, 

Williams Collbge, February 1, 1900. 



